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Plan of the course

© Integers: 1 lecture } dome
© Groups: 6 lectures

© Rings and fields: 5 lectures
© Review: 1 lecture

Today: Rings: lecture 1

(a) Rings: definition and first examples.
(b) Zero divisors. Integral domains.

(c) The ring Z/nZ
(d) Ideals in a commutative rings. Intersection, sum and product of ideals.
(e) Ideals in Z and in polynomial rings.

)

f) Principal ideals. — sex? Jome e
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Rings: definition

Definition
A ring is a set A with two operations: + and - satisfying the axioms:

@ A is an abelian group with respect to +
with the neutral element 0 € A.

© The multiplication - is associative:
a-(b-c)=(a-b)-c Va,b,c € A.
© There exists the element 1 € A, 1 # 0, such that
l-a=a-1=a Va € A.

@ Distributivity:

a-(b+c)=a-b+a-c, (a+b)-c=a-c+b-c Vab,cecA

v
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Rings: examples
Exaopls O Ay field; R c, B

Example 1. A=Z. +, 0, 1 (ZjO)zs an A‘M&Jt(frw/p
h"MéZ/ ”‘MGZA/DWM
2¢ 7z ,mmﬂypé%& ke 5 £Z
Example 2. A = Z[v2] = {a+ bv/2}. pez. s O€A 1€
[a+€ﬁ/)+(c+d/f)=@)+@/)/7 e/ a,bcdeZ
cz

€2 -c-8N gz
(a+ 407)(c+dlv7) “ac+28d)+ (ad+4)/7 € )
2 ey
A | a-42 7 , Y,
Comis Gz T A T e {@75 &£ = @Mmjfr%ca%u
Q(& QZ ‘%WJ BQ/A (s a r,\/vf

Example 3. A= Q[v2] = {a+ bv2}. pc0-
A
[Wm; the & C /o/a/
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Why rings?

Barmmm Frhjs
(m%Asy b ol il

M%ﬂ;c rine,
gmz ('m/&‘r/aml/

h 7/‘0/51/@ cmg(

7
M&/'/@Me/@fdﬁ)

@ They generalize fields such as R and C.
@ They are the next structure in complexity after groups.

@ They provide an approach to study finite fields, useful in cryptography.
(=] = = = = )

DQAC
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Commutative rings

Definition

A ring A is commutative if the multiplication is commutative:

a-b=b-a Va,b € A.

Remark

Ifac A thena+a+a...+a=naé€A, similarly
—a—a—...—a= —na€ A, therefore ka € A for all k € Z. Many
formulas known for numbers hold in commutative rings, for example

kne Z

n
(a+b)" = Z (Z) akpm=k Va,b € A

k=0

We will consider only commutative rings in this course.
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Zero divisors
Definition

An element a € A is a zero divisor if there exists x € A such that x # 0
and a-x =0.

Example: () € A o a zao drvisor
Ox;(0+0>x iO'X"O'X => O'XiO VK@A

Example: Rings without nontrivial zero divisors:

Z/ hm =0 =S h=0 o7 M=0
/K
C
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The ring Z/nZ

Let A =2Z/nZ = {[0],[1], ...

[n — 1]} equivalence classes modulo n.

%ZQCM - is atwciatne , (1] € 2/ vk MY

O<a < h=I

ged(a,n)=d >1

ged(a,n) =1

(a] [%] = [o] n Y

=> (2] S & w0 divinr

By Bindt Am = 3572
axmy:f s [a]fx] =17 m Z%Z
(=5 (2] has o mdtilicobme mwerse m 7%

4z
i// [¢7:(a7- (0] >>£€M =147
iy

=5 2/ f@fa]%) = [67:0%0]
= [a] i not @ 2er0 divica Z/Z/

Conclusion: An element [a] € Z/nZ is either a zero divisor, or invertible.
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Integral domain
Definition

L 20 L :
A commutative ring with no nontrivial zero divisors is called an integral
domain.

Definition

A commutative ring where all nonzero elements have multiplicative
inverses is called a field.

Corollary

The ring Z/nZ either has nontrivial zero divisors, or it is a field.

Proof: /\/p M,QVIA/{V{;AZ 2640 OA’V:’J@TS =S o @ & Z  dia Zh-1 Q/,q/jw/@/hjrs
—o N hes no Aiirors ex o { and n = hep IS a pine.

V(41 2/, gedlbp) L o= [6] has « malliplicafie toerse
=) Z/Z M /:6/4/
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The ring Z/nZ

Examples. Z/ = ‘ffl?], [1] [2] /3]/[4/]; L b exa, 7//0] have
5 Z md b CQ;WC, Wwercef

(71415 DTII=000, MIM0-[11 = 2, s« fruld
Ly = 101102121, (9,147,151
[23-13] = [0] (47153 f0]  hentiviel aero civisos
2/6’2 hot an zméjmfafmmh
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Fields are integral domains

Proposition

A field is an integral domain. An invertible element in a ring is not a zero
divisor.

Proof: 3‘%9036 al =0 a*0 Zf Ja' €A aa'-A.
2> ala b= (aa)b=-1€4-4 /s »
14 - =56 = [ a o werdl
a' (a)=0a"0=0 = =5 an mvzro{'% bt

- Cannof be & zero divitor
J/A ‘?4‘“/44//9// => Q’Z/W’Wt’l’/& &Zé are M/c/%’% = ﬂﬁ are M/
2eyv 04\/[{57"! => /4 g an M{(fﬂo/ p{qmm)q,

12|

Remark: the converse is false.

EX&M/Jg,‘ Z s an M%‘jm/ a,/o/m«(h/ bt ho/fc /4)5/&/
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Conclusions

o Fields C Integral domains C Commutative rings

@ Z/nZis an integral domain <= Z/nZ is a field <= n = p is a prime.

o & E DA
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|deals in a ring

Definition

Let A be a commutative ring. Then | C A is an ideal if / has the following
properties:

© / is a subgroup with respect to +:
Oc€/landifa,bel, then —ac/anda+bel.

Q@ VxecA ac/lwehavex-ae .

Example 1. /.7 A= = QZ/:fZé, 452/3 s an idad
e +96=2a+8)e 22 : ~9a €07, 0622 Vxe l Daxel?
ZM/ 0[52'» ] = A Z i< an il on Z pm,’é&ré_

Bample 2. [0) c A is anchal % 0-0 VYeed
A < A ts an idull xyéA Vx, yel.
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Properties of ideals

Definition
An ideal | C A is proper if | £ A.
An ideal | C A is nontrivial if / # {0}.

Proposition

Let A be a commutative ring.
Q@ /CAisanidealandl €| = I=A: fx=xel ¥YxeA=A=1
@ /. JCAtwoideals — INJCA is anihal A
© I,JCAtwoideals = |+ J={x+y}xeryes CAs anidid in A
Q /,JCAtwoideals = [|-J={> ;X Yitxelyecs CAl anidhd on A
@ I,J C Atwoideals = [UJCA &snot an idsal on gessral!

v
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Propertles of ideals: proof
(2) I, T wledds WA x,yeINT = Xxeyel [ and ey €T=
xeye IAT, OC,, OeT= 0€IN] ~xel -xeJ= xeIJ
=> 7/ 7 i< an adlﬂl/pévc %m/
Ifaf%[ = xacl oand xa- T=>xaelN]

XETINT =>TN75an idaad.
ol ¢J

9 L3 idels - bt SR e DT fifoenspepnaiiny
=> [+j S an 40/9674,( %mﬁ
I/&fA => 4’6(""‘)/ =2X f‘J c 7+ —z>7—+_7a/;"¢é@/

() 3,3 are sl o> [Te) " 7 o urd 4+, Zerye13
= M&Z{’A/\/é guK ety ol 8

_Z;[ACA => Q[X)/ ZQ)Q}/C 61]—>l]uamc&of

(3) Exanfgz 1=22 J=3z7=>T0UJ= ;Qi2{i’3/t%_té/rg[i_9”w}
=> 92+3:=6 , bt 5 1T =5 ot an aodolfre Jxé@;_

7
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|deals in a ring

Example. Lot ATZ ) 7= 52, T=/0Z. fa[caé

(0 INT = 262 2=6n and 2= (0., . -
[ cll valbipls of 6 eud 10] = foulbbylaof Eomfl 1)-30)
=30-7

& It]= 6t iOn)ner 2 o 4 fedle0)7}-27
§X7L /O}/ — [ o~ j[c/[é,/&) Aoicles /

(3)1J- f{Z Exi-lOy, Yo ye2d = fé‘O‘Zx;y;, v 2% =602

=] F = = £ DA
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Ideals in Z.

Conclusion: Let | = nZ, J = mZ ideals in Z. Then VYn, m € Z* we have
Q /NnJ=lem(n, m)Z.
Q@ |+ J=ged(n,m)Z.

Q@ /- J=(n-mZ.

Ruork T, T €A o idichs =5

- _ oI
T3<INI " S1eg

Zxrye €T S ~
er'e e xel =xt0el+]
Y 7 ¢
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Polynomial ring

Let A = R[x] polynomials in one variable with real coefficients.

Then Ais a ring. jf/x] fj &) € Rlx] a/%hwmw// f/f/x) E/Z)/X]/ Oelk]
]K[XJ -j(xj - a/»ﬁnomm/ e RIx]

Consider
I'={(x+5) f(x)}f(xea and J={(x*+2)- f(x)}r(x)ea

@ /nJ= f()‘+5)fxz*2)][[*)}ﬂ@ €A
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Polynomial ring

Q@ /+J= ;CHS)f&) +(X242)j(X)]7[/k4j(x) ER[x]

(SN S) )= (e2) ()= b-250-D ()= L
#6) k2]
= T+ 54 = I+J=R[x]
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Poll: Consider the ring R[x] and let

(x-1)(x+1) (x-1)(x-1)
I ={(x*~1)-F(x)}rpyerpg CRIX], I ={(x=1)*F(x)}r(erpq C RIX].
Then

AI+J:R[X] I"'j? {(X‘/)PHI{:’&/A)(‘XJ

B InJ=1-J TAT = {6leet) fod) £1.T = § () Gefed)

@/2QJ2:/2.J T2 § GV T S O ]
I*nJ - ((X 1 (xtl) /&

D:(I+N)n(I-J)=InJ o

Exl-(I+)=J-(I+J) _ J = WS( ) (exi)? (WJ/D

LT =1+J = (3)N7T) =TT {6 )fio]
TOT+ (1))

T (Te2) = [ (-0l fbl] T (T3)- o 6 6
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