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Plan of the course

1 Integers: 1 lecture

2 Groups: 6 lectures

3 Rings and fields: 5 lectures

4 Review: 1 lecture

Today: Rings: lecture 1

(a) Rings: definition and first examples.

(b) Zero divisors. Integral domains.

(c) The ring Z/nZ
(d) Ideals in a commutative rings. Intersection, sum and product of ideals.

(e) Ideals in Z and in polynomial rings.

(f) Principal ideals.
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I done

-> next time :



Rings: definition

Definition

A ring is a set A with two operations: + and · satisfying the axioms:

1 A is an abelian group with respect to +
with the neutral element 0 2 A.

2 The multiplication · is associative:

a · (b · c) = (a · b) · c 8a, b, c 2 A.

3 There exists the element 1 2 A, 1 6= 0, such that

1 · a = a · 1 = a 8a 2 A.

4 Distributivity:

a · (b + c) = a · b + a · c , (a+ b) · c = a · c + b · c 8a, b, c 2 A.
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Rings: examples

Example 1. A = Z.

Example 2. A = Z[
p
2] = {a+ b

p
2}a,b2Z.

Example 3. A = Q[
p
2] = {a+ b

p
2}a,b2Q.
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Example O : Any field ;
IR

,
K

,

Q

+,
,

0
,

1 (4
,

4

, 0) is an abelian
group

n + me I
,

n .mel two operation
2EX

,
no multiplicative inverse 'I

: OEA
,

1 A

(a +b) + (c + dE) = (a + c) + (b+d) =A a
,

b
,
c

,

del

EXTEZ - a - bre

(a + br) .(c +dri)=26d
EX

Consider= no multipla
inverse ingeneral

But A is aing
.

Exercise :

*
this is a field.



Why rings?

They generalize fields such as R and C.
They are the next structure in complexity after groups.

They provide an approach to study finite fields, useful in cryptography.
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Borromean
rings

(nothing to do with

algebraic rings,

but important
in topology and

geometry,
and they are pretty).



Commutative rings

Definition

A ring A is commutative if the multiplication is commutative:

a · b = b · a 8a, b 2 A.

Remark

If a 2 A, then a+ a+ a . . .+ a = na 2 A, similarly
�a� a� . . .� a = �na 2 A, therefore ka 2 A for all k 2 Z . Many
formulas known for numbers hold in commutative rings, for example

(a+ b)n =
nX

k=0

✓
n

k

◆
akbn�k 8a, b 2 A.

We will consider only commutative rings in this course.

A. Lachowska Algebra Lecture 8 November 10, 2024 6 / 22

I

k
, neT



Zero divisors

Definition

An element a 2 A is a zero divisor if there exists x 2 A such that x 6= 0
and a · x = 0.

Example:

Example: Rings without nontrivial zero divisors:
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OE A is a zero divisor

0 . x = (0 + 0) . x = 0 . x + 0 . x = 0. x = 0 Ex A

2 n . m = 0 = n = 0 or m = 0

IR

C



The ring Z/nZ
Let A = Z/nZ = {[0], [1], . . . [n � 1]} equivalence classes modulo n.

gcd(a, n) = d > 1 gcd(a, n) = 1

Conclusion: An element [a] 2 Z/nZ is either a zero divisor, or invertible.
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*nI
= Cn · is avociative

,
11] E /z neutral elt

0(a(n - 1

(9] · (E) = 10) in En By Bezont's thm = FX
,
yeX :

ax +hy = 1=> [a](x] = 11] in 4/n*
=> [a] is a zero divisor (= )[a] has a multiplicative inverse in 2/

if 15) · 19] = 10]

=  ,
=> if (6]. (a) =0 = (67 = 0
=> [a] is not a zero divisorin*

-



Integral domain

Definition

A commutative ring with no nontrivial zero divisors is called an integral
domain.

Definition

A commutative ring where all nonzero elements have multiplicative
inverses is called a field.

Corollary

The ring Z/nZ either has nontrivial zero divisors, or it is a field.

Proof:
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# 0

No nontrivial zero divisors => no at X : 11a1n-1 andged(a
, n) > 1

=> h has no divisors except 1 and n =< n =p is a prime
- (63 =2/2 · gcd(b,p) = 1E)(6) has a multiplicative inverse

2/2 is a field



The ring Z/nZ
Examples.
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45x
= 9903

,
173

,
923

,
133

,
1433 all elts except 103 have

multiplicative inverses
.

(e]" = 11) ; 12] · /35 = 115 ; 14343 = 11]. 25 is a field

2/62
= 3102

,
117

,
123

,
133

,
147

,
1537

[23 - /33 = 10] 143 . /33 = 10] nontrivial zero divisors

=> 2/2 not an integral domain



Fields are integral domains

Proposition

A field is an integral domain. An invertible element in a ring is not a zero
divisor.

Proof:

Remark: the converse is false.
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Suppose a . 6 = 0
,

a + If JA
: aa= 1

.

=> a a . b = (at a) . b = 1 . 8 = b
If

a (a . b) = a 0 = 0
= = 6 = 0 if a is invertible

=>> an invertible elt
cannot be a zero divisor

If A is a field= allnonero elts are invertible = they are not
zero divisors => A is an integral domain

E

Example : I is an integral domain
,

but not a field.



Conclusions

Fields ⇢ Integral domains ⇢ Commutative rings

Z/nZ is an integral domain () Z/nZ is a field () n = p is a prime.
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Ideals in a ring

Definition

Let A be a commutative ring. Then I ⇢ A is an ideal if I has the following
properties:

1 I is a subgroup with respect to +:
0 2 I and if a, b 2 I , then �a 2 I and a+ b 2 I .

2 8x 2 A, a 2 I we have x · a 2 I .

Example 1.

Example 2.
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Let A =2 = 2 = 52k
,

ke * 3 < & is an ideal

2a + 20 = 2(a + b) t22 ; - 2ae22
,

022
,

Exe2
,

2axE2].

Letdel I= dZ is an ideal in X
,

similarly.

503 CA is an idea : x . 0 = 0 ExeA

A A is an ideal xyAfx ,
yA.



Properties of ideals

Definition

An ideal I ⇢ A is proper if I 6= A.
An ideal I ⇢ A is nontrivial if I 6= {0}.

Proposition

Let A be a commutative ring.

1 I ⇢ A is an ideal and 1 2 I =)
2 I , J ⇢ A two ideals =) I \ J ⇢ A

3 I , J ⇢ A two ideals =) I + J = {x + y}x2I ,y2J ⇢ A

4 I , J ⇢ A two ideals =) I · J = {
P

i xi · yi}xi2I ,yi2J ⇢ A

5 I , J ⇢ A two ideals =) I [ J ⇢ A
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I=A : 1x = Xel #xA = A =I

is an ideal in A

is an ideal in A

is an ideal in A

is not an ideal in general



Properties of ideals: proof
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(2) I
,

J ideals in A
,

X
,Ye[1] = X+yel and x +ye]=>

x + ye [13 ; 0EI
,

0E]= OtI1]
,

-XeI
,

-XE]= -XEI1]

=> Il T is an additive subgroup.
IfaA XaEI and Xa =]cial

Xt[1]
I -]

(3) I
,
J ideals letI+]

,
Yity = X +Xu+ Y +Y=I

=> I+] is an additive subgroup
If a c A = a . (x+ y)= I+]

.

=I+ ] an ideal.

(4) I
,
I are ideals[xiYixie t

,Yes
is closed wrt +, [EXi)Yie 1]

=> additive subgroup.

Ifacha . [xiyi =[I] = 1: J is an ideal

(5) Example.



Ideals in a ring

Example.
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Let A = 1 ; I= 62
,

J= 102
·

ideals

(1) [1] = SzEX : z = En and z = 10m]
nmez

=

Call multiple of 6 and 103 = Emultiples of (m(6, 10) =301
= 30.

(2) I+] = [Gn + 10minme- Bezontsthm Sgcd (6,
10). *3 =2.

6x + 10y = kE gcd(6, 10) divides k.

(3) [] = &[GXilDyi , XiYitE3 = 360[xiYi
,

XiYitZ] = GOR
.



Ideals in Z.
Conclusion: Let I = nZ, J = mZ ideals in Z. Then 8n,m 2 Z⇤ we have

1 I \ J = lcm(n,m)Z.

2 I + J = gcd(n,m)Z.

3 I · J = (n ·m)Z.
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Remark
. I

,
JCA two ideals =>

[I
I. J C I1]

by
Pi + ]

( XtI = x + 0EI+3

EX -]



Polynomial ring

Let A = R[x ] polynomials in one variable with real coe�cients.
Then A is a ring.

Consider
I = {(x + 5) · f (x)}f (x)2A and J = {(x2 + 2) · f (x)}f (x)2A

1 I \ J =

A. Lachowska Algebra Lecture 8 November 10, 2024 18 / 22

: f(x) +g(x) EIR(x] a polynomial ,

- f(x) [IR(X]
,

0 cR()

f(x) .g(x) = apolynomial (1R[X]

((x+ 5)(x2+ 2) f(x)]f(x) = A



Polynomial ring

2 I · J =

3 I + J =
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\[(x+ 5) f: (x) . (x+ 2)gi(x)gifiA
= ((x+5)(xz+ 2) f(x))f(x) =A

((x + 5)f(x) + (x2+ 2)g(x))f(x), g(x) = IR(x]

(x +5))(z) - (x+ 2) ·(b) = (xz- 25-x2-2) -(2) = f = ((x)

f(x) g(x)
= I+371 = I+ T = ((x]



Poll: Consider the ring R[x ] and let

I = {(x2�1)·f (x)}f (x)2R[x] 2 R[x ], J = {(x�1)2·f (x)}f (x)2R[x] 2 R[x ].

Then

A: I + J = R[x ]

B: I \ J = I · J

C: I 2 \ J2 = I 2 · J

D: (I + J) \ (I � J) = I \ J

E: I · (I + J) = J · (I + J)
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(x- 1)(x+ 1) (x - 1)(X - 1)

- -

I+j = G(x -1) .f(x)) = 1R(x]

[13 = ((x-1)2(x+1)f(x),I-B = ((x+1) 3. (x+ 1)f(x)]

O 125
I-j = [+ j = > (j+1)1(j-1) =[+j = G(x- 1)f(x)]

F1] + ((x -13f(x)]
I(I+]) = ((x-12(x+ 1)f(x)) + j.(5+ 3) = ((x-1)2(x-1)f(x)]


